We present a novel survey of the radial oscillation modes and relaxation of neutron stars for various types of nuclear-theory-based EOS of cold neutron-star matter. This study complements our earlier qualitative study of the effect of viscosity and thermal conductivity on the radial oscillation. We present an extensive list of oscillation frequencies for various types of nuclear-theory-based EOS of cold nucleonic and non-nucleonic matter. We implement some advanced theoretical data on thermal conductivity of dense matter to accurately compute the rate at which viscosity and thermal conductivity drain energy deposited in oscillation modes is released through heat outflow via neutrino emission.
I. INTRODUCTION
Neutron stars (NS) provide us with unique insights into the physics of the extremely dense and cold nuclear matter, which cannot be reached in terrestrial experiments. The central density of a neutron star is expected to reach up to several times of the nuclear saturation density (n 0 0.16 fm −3 ). The constraints on the properties of matter at supernuclear densities (see [1] and references therein) and relatively low temperatures (compared to particle collisions producing comparable energy densities) rely heavily on observations of macroscopic equilibrium parameters (masses, radii, moments of inertia, etc.) of NSs. Attention has focused especially on measurements of the stellar mass M and circumferential radius R of these stars which depend significantly on their respective equation of state (EOS) (e.g., the relation between the pressure and the total energy density). [2] [3] [4] The recent discovery of NS with mass as high as M ≈ 2.01M (e.g., PSR J1614-2230 has M = 1.927 ± 0.017M [5] and PSR J0348+0432 with mass M = 2.01 ± 0.04M [6] has ruled out several EOSs, as shown in Fig 3. Due to the tremendous advances in the measurements, precise masses for ∼ 35 currently known NSs range from 1.17 to 2.01 M . Also more than a dozen radii are known in the 9.9-11.2 km range, but current estimates for radii are still dominated by systematic errors [7, 8] .
One major class of electromagnetic observations comprises X-ray and γ-ray burst phenomena. These events are clearly explosive in nature and have been generally associated with neutron stars by many authors (see, e.g. [9] ). These explosive events perturb the associated neutron stars, and the resulting dynamical behaviour may eventually be deduced from such observations. X-ray observations from the recently lunched NICER mission ( [10] ) and from the upcoming LOFT mission [11, 12] will impose stricter constraints on plausible EOSs by yielding the mass and radius of a few stars to ∼ 5% precision. EOS predictions as well have become more reliable due to precision measurements of nucleon- * barta.daniel@wigner.mta.hu nucleon interactions, detailed calculations of binding energies of light nuclei and cold nuclear matter which constrain three-body forces, inclusion of relativistic effects, improved many-body and Monte Carlo methods. [13] Asteroseismology probes the interior structure of stars by using the frequency of seismic waves rippling throughout the star. The frequencies of NS oscillations that rely on accurate stellar models are matched to the observed frequencies. The period of stellar oscillations for non-relativistic stars are in the range of minutes, whilst for neutron stars the periods are much shorter, typically range from 0.2 to about 0.9 milliseconds. [14] These oscillations occur when a star is perturbed away from its dynamical equilibrium and a restoring force tries to return it back to that equilibrium state. Among the various types of oscillation modes, we focus on the fundamental modes (f-modes) of non-rotating NSs where the pressure provides the dominant restoring force that produces radial oscillations. Pulsation in radial modes are the simplest and generally the largest amplitude stellar pulsations, where the displacement is purely radial and spherically symmetry is preserved. Provided that there is no stationary surface between the centre and the surface of the star, an oscillation can be called the fundamental radial mode. [15, p. 55] Moreover, knowledge of f-modes of non-rotating stars also provides estimates for the fmode properties of slowly rotating stars, for the case of uniform rotation [16] and also for differential rotation [17] .
As the radial modes are the simplest oscillation modes of NSs, they have been comprehensively investigated over the past half-century. In his pioneering papers [18, 19] , Chandrasekhar introduced a variational method to impose a sufficient criterion for the dynamic stability of radial and non-radial stellar oscillations. The identification of stable modes has been in the focus of interest ever since and methods for obtaining spectra of oscillation modes have been thoroughly investigated by various authors (e.g [20] [21] [22] [23] [24] and references therein) mostly for zero-temperature EOS stellar models. Nevertheless, proto-NS with finite-temperature EOS [25] and strange stars [24, 26] were also studied. The first exhaustive compilation of radial modes for various zero-temperature EOS was presented by Glass & Lindblom in [23] . Although their equations were correct, the numerical results for the oscillation frequencies were flawed as it was later pointed out by Väth & Chanmugam in [24] . Väth & Chanmugam computed the frequencies of radial oscillation for six EOS and verified their own results invoking the argument [20] that a correct numerical algorithm must yield a zero-frequency mode at that specific central density that corresponds to the maximal-mass configuration for the particular EOS. Stars on the high-density side of this maximal-mass instability point are unstable and eventually collapse. Kokkotas & Ruoff emphasized in [27] that the above mentioned test is only applicable when a constant local adiabatic index is used both in the equilibrium stellar model and its perturbation equations. In general, a variable adiabatic index can be employed that depends on the dynamical regime regulated by a more complicated EOS. Kokkotas & Ruoff re-examined earlier studies of radial oscillation modes for the most common EOSs and corrected the values of eigenfrequencies found by Glass & Lindblom in [23] . Moreover, their survey included six additional EOS that were more recent at the time (see [27] and references therein).
A. Objectives and content
The rapidly growing list of observational data combined with advances in EOS modelling have motivated us to investigate the radial oscillations of neutron stars in a wide range of total mass listed in Table I and for  various types of representative EOSs, given in Table II , based on nucleonic and hybrid nucleon-hyperon-quark matter models which have been investigated byÖzel and Freire (2016) [2] in their extensive survey of the equilibrium parameters of neutron stars. The present paper, together with its accompanying paper [28] , is devoted to particulatly study oscillations of NS models at the neutrino cooling stage.
In our earlier work [28] , we proved that the pulsation equation expressed by a set of effective variables which involve dissipative terms, can be recast in a selfadjoint form. In contrast to the common non-dissipative case, the associated Sturm-Liouville eigenvalue problem (SLEVP) is generalized for a discrete set of eigenfunctions with complex eigenvalues which correspond to the squared frequencies of the oscillation modes and the imaginary part corresponds to the damped solution. The imaginary part directly determines the minimum period of observable pulsars, hence it is imperative to make an accurate estimation on the relative time-scale of thermal conductivity. In addition to providing a formulation of the dynamical equations that governs the radial oscillations of neutron stars through a perturbation scheme, an "order-of-magnitude" estimation was given for the timescale of energy dissipation, rather than a precise one, by an analytical approximation method without relying on explicit numerical computations. In the present work, the SLEVP for radial-oscillation modes is converted to a system of finite difference equations where we implement a second-order accurate differencing scheme so the resulting system of finitedifference equations emerges as a tridiagonal matrix eigenvalue problem. In a manner similar to Kokkotas and Ruoff (2001) [27] approach, we compute the four lowest-frequency radial-oscillation modes of neutron stars constructed from various types of representative EOSs considered byÖzel and Freire (2016) [2] . The algorithm yields zero-frequency modes at the maxima and minima of the mass curves, as emphasized by [24, 27] , while the equilibrium adiabatic index characterizes the stiffness of the EOS at a given density. Finally, we evaluate the rate at which viscosity and thermal conductivity drain energy from the radial oscillation mode.
Next, we implement advanced theoretical data on thermal conductivity of dense matter to accurately compute the rate at which viscosity and thermal conductivity drain energy deposited in oscillation modes is released through heat outflow via neutrino emission. The internal structure of NS configurations are deduced from comparison of theoretical cooling curves with observations of their thermal radiation. As thermal dissipation plays a fundamental role in the dynamical behaviour of NSs, we hope that our study will provide valuable information for the community and will potentially contribute to impose further constraints on plausible EOSs.
II. EQUATION OF STATE AND CHOSEN MODELS
Internal structure and macroscopic properties of NSs are strongly correlated with the EOS of dense matter, even though the exact EOS remains exceedingly uncertain especially at high densities. Although, the latest discovery of high-mass NSs PSR J1614-2230 [5] and PSR J0348+0432 [6] has ruled out several EOSs, suggesting that the maximal mass for NSs has to be larger than M ∼ 2M for a given EOS, but the number of candidate models with maximal mass below this limit is still considerably large.
In NS cores, the temperature of matter is far below the Fermi energy of its constituent particles and its particular thermodynamic state at T 0 is accurately described by the isentropic one-parameter equation of state
relating the pressure p and energy density to the restmass density ρ which exceeds nuclear density [29] ρ nuc 2.3 × 10 14 g/cm 3 .
In fact, densities in the cores are expected to be as large as ρ ∼ 5 − 10ρ 0 where the nuclear matter at saturation (i.e. at the minimum of the energy per nucleon) has the density ρ 0 2.8 × 10 14 g/cm 3 or n 0 0.16 fm −3 where the baryon-number density is related to the baryon-mass density as n B = ρ B /m u and m u = 931.494 MeV is the atomic mass unit. Given that neutrons geometrically overlap at ρ ∼ 4ρ 0 and with increasing overlap between nucleons, transitions to non-nucleonic states of matter are expected. [2] It is possible for ultra-dense matter to contain hyperon, pion or kaon condensates. [30] Some of the possibilities considered to date also include free quarks or color superconducting phases. [31] A. Tabulated nuclear-theory-based EOS models
With the intention of covering a wide range of potential types of representative EOSs and generation methods, here we consider four EOS of cold nucleonic matter (i.e. the hypothetical components composed of neutrons, protons, electrons, and muons) and we follow the widespread naming convention of Refs. [2-4]:
• APR4 was derived by a variational method with modern nuclear potentials [32] ;
• MPA1 was derived by a relativistic BruecknerHartree-Fock theory [33] ;
• MS1 was derived by a relativistic mean-field theory [34] ;
• SLy was derived by a potential method [35] .
and we also include three EOS of non-nucleonic state (i.e. the hypothetical components composed of hybrid nucleon-hyperon-quark matter):
• H4 was derived by a relativistic mean-field theory including effects of hyperons [30] ;
• ALF1 is a hybrid EOS which describes a APR4 nuclear matter for a low density and a colourflavor-locked quark matter for a high density with the transition density is 3ρ 0 where ρ 0 2.8 ×
• SQM1 is a hybrid EOS which describes relativistic non-interacting gas mixed with strange quark matter [36] . Table II . Nucleonic and hybrid nucleon-hyperon-quark matter models based on different microphysics. The upper 4 models correspond to nucleonic, the lower 3 models involves non-nucleonic states of matter, such as kaon condensates or hyperons. Mmax and R1.4 are the maximal mass of spherical NSs in units of M (also marked in Fig. 3 by the symbols ) and the circumferential radius of 1.4M NSs in units of km for a given EOS, respectively.
Provided that we describe the above considered EOSs as in Sec II B by piecewise-polytropes with n = 3 pieces, the following densities are determined at the boundary of two neighboring pieces:
. ALF1 has the lowest pressure among the above considered EOSs and thus, making it the softest one. APR4, MPA1 and Sly have also relatively small pressure as in the case of ALF1 for a low-density region ρ 1 ≤ ρ ≤ ρ 3 , but for ρ 2 ρ ≤ ρ 3 , the pressure is higher than that for ALF1. Thus, for ρ < ρ 3 , which NSs of canonical mass 1.3 -1.4M have, these EOS are soft as far as the canonical neutron stars are concerned. It is worthy of note that for a relatively small value of p 2 , the adiabatic index, as illustrated in Fig. 2 , is as large as Γ 2 ∼ 3, owing to that the maximal mass of NS has to be M max 2M for a given EOS. Thus, an EOS that is soft at ρ = ρ 2 has to be in general stiff for ρ ρ 3 . Although MPA1 has pressure that even exceeds that of H4 for a high-density region ρ ρ 3 . By contrast, H4 and MS1 have pressure higher than the rest for ρ ρ 3 , although the EOSs become softer for a highdensity region ρ ρ 3 . In particular, MS1 has extremely high pressure among many other EOSs for ρ ρ 3 , and on that account, it is the stiffest EOS. All the distinguishing feature mentioned above are reflected in Fig. 1 which display the pressure in NS as a function of the baryon-number density or of rest-mass density. Table II lists the constituent particles, the maximal mass and circumferential radius of neutron stars of total mass 1.4M , associated with the representative EOS, respectively. 
B. One-piece and piecewise-polytropic EOS
Although the tabulated EOSs listed in Table (II) are more realistic, they are too complicated to illustrate some fundamental features. A very common closed-form EOS is the polytropic one,
which describes a non-interacting, degenerate matter. In general, the 'polytropic constant' K = K(s) depends on the entropy, however, the degenerated matter dynamics in zero-temperature approximation can be modelled as an adiabatic flow with a constant K. The internal energy is given by the first law of thermodinamics for adiabatic process (δQ = 0), which can be integrated to obtain
where we have imposed that lim 
are important dimensionless parameters characterizing the stiffness of the EOS (3) at a given density. [38, p. 190 ] For instance, a non-relativistic degenerate Fermi gas is reasonably well described by a polytropic EOS that scales as p ∝ ρ 5/3 , and for highly relativistic degenerate Fermi gases, p ∝ ρ 4/3 . Generally, Γ 1 depends on the dynamical regime given by ρ and as shown in Fig. 2 for the EOS listed in Table II . The EOS (3) must satisfy the following two conditions. The first, thermodynamic stability, requires the EOS be monotonic (dp/dρ ≥ 0 and dp/d ≥ 0), and therefore Γ must be positive. The second, causality, requires the speed of sound c s be less than the speed of light:
Therefore, eqs. (5-6) bounds the average value of adiabatic index asΓ
within a dynamically stable star. [39] For spherical stars in Newtonian gravity, Γ 1 < 4/3 is a sufficient condition for dynamical stability, however, in the stronger gravity of general relativity, even models with the stiffest EOS become unstable for some value R/M > 9/8. The more rigorous constrain on Γ 1 for a star to be stable against radial perturbation
where K is positive and of order of unity. For dynamical oscillations of neutron stars, the adiabatic index Γ 1 does not coincide with the polytropic one Γ. Read et al. [4] demonstrated that a piecewisepolytropic EOS with three pieces (n = 3) above the nuclear density approximately reproduces most properties of the representative EOS listed in Table II . These nuclear-theory-based EOSs at high density are modelled with a small number of parameters and the expression for pressure (3) is written in a parameterized form as
where n is the number of the pieces used to parameterize a EOS at high-density, ρ i is the rest-mass density at the boundary of two neighboring (i − 1)-th and i-th pieces, K i is the polytropic constant for the i-th piece, and Γ i is the adiabatic index for the i-th piece. Here, ρ 0 = 0, ρ 1 denotes a nuclear density evaluated in eq. (2), and ρ n+1 → ∞. Other parameters (ρ i ; K i ; Γ i ) are determined by fitting with a nuclear-theory-based EOS. Requiring the continuity of the pressure at each ρ i , 2n free parameters, say (K i ; Γ i ), determine the EOS completely.
Hotokezaka et al. [40] showed the free parameters the free parameters can be determined the following Table  II The average value of the exponent Γ1 = d log p/d log nB 2 holds for nucleonic EOSs in the vicinity of nuclear saturation density n0 0.16 fm −3 , denote by a shaded gray line.
way: First, the EOS below the nuclear density ρ 1 is fixed by the parameters Γ 0 = 1.35692395 and K 0 /c 2 = 3.99873692 × 10 −8 (g/cm 3 ) 1−Γ0 . The EOS for the nuclear matter was determined in [4] as follows: ρ 2 was fixed to be ρ 2 5.012 × 10 14 g/cm 3 , and p 2 at ρ = ρ 2 was chosen as a free parameter. The reason is that p 2 is closely related to the radius and deformability of neutron stars [3] . Namely, p 2 primarily determines the stiffness of an EOS. Second, ρ 3 was fixed to be ρ 3 ×10 15 g/cm 3 . With these choices, the set of free parameters becomes (p 2 ; Γ 1 ; Γ 2 ; Γ 3 ). These four parameters are determined by a fitting procedure (see [4] ). With the given set of values (ρ 1 ; K 1 ; Γ 1 ; p 2 ) are subsequently determined by
By the same method, K 2 and K 3 are determined from
C. Hybrid EOS for heating and cooling processes
One of the most serious drawbacks of the polytropic EOS is that, although (3) is a good approximation for a 'cold' star, there are extremely energetic processes, like the merger of stars or accretion from a disk, which can increase enormously the temperature and a simple polytrope will not provide a physical description. A more realistic EOS in closed form can be obtained by a combination of the polytripic EOS to describe the cold part and an ideal EOS for the thermal one, allowing for fluid heating due to shocks. Thy hybrid EOS is given by p = Kρ Γ + (Γ th − 1)ρ th (12) with an adiabatic thermal index Γ th that can be different from the adiabatic cold index Γ. The internal energy can be split into a thermal and a cold part,
The total internal energy density can be obtained from the evolution of the conserved quantities, whilst the cold part is described by (4), leading to the explicit expression
It is possible to extend this approach by using a collection of continous piecewise-polytropes (9) in hybrid EOSs, which in turn allows an accurate match with any tabulated nuclear-theory-based EOSs at high density.
III. EQUATIONS OF STELLAR THERMAL EVOLUTION AND COOLING MECHANISM A. Energy-momentum tensor for dissipative fluids
Neutrino emission processes are supposed to be the main sources of energy loss in the stellar core in the later stages of stellar evolution. For the reason, the equations of relativistic fluid dynamics to describe energymomentum conservation are written as
where Q ν is the total neutrino emissivity of all processes outlined in Table III , and the energy-momentum tensor for dissipative fluids can be written as the sum of three components
where
are the perfect fluid, heat flux and viscosity energymomentum tensors, respectively. [42] Note that despite its causality and stability problems [43] , the above description of energy-momentum tensor has been widely used in Eckart's theory of relativistic irreversible thermodynamics [44] . The p and are the isotropic pressure and energy density, appearing in eq. (1) Lν ∼ 10 46 T
9
Modified Urca n + N → p + e + N +νe p + e + N → n + e + N + νe Q ∼ 10 20−22 T
Lν ∼ 10 38−40 T
Bresmmstrahlung N + N → N + N + ν +ν Q ∼ 10 18−20 T
Lν ∼ 10 36−38 T 8 9 Table III . Possible mechanisms of neutron star cooling by various neutrino-emission processes due to nucleon-nucleon collisions assumed to take part in the core. The modified Urca process has the neutron and the proton branch, each including a direct and an inverse where N = n or p, respectively. [41] by a comoving observer with velocity u α which satisfies u α u α = 1 with u 0 > 0, and
is the standard projection tensor onto 3-space normal to flow. The symmetric trace-free spatial shear tensor is defined as
and expansion scalar (or dilatation rate)
is associated with the convergence (or divergence) of the fluid world lines. The heat flux density in eqs. (15) (16) (17) written as
is a spacelike vector, Q α u α = 0, that describes the flow of thermal energy per unit of area along spatial cordinate axis x α per unit of time. The first the term in eq. (21) corresponds to the non-relativistic Fourier's law of heat conduction, the second term takes into account the relativistic effect of isothermal heat flux due to the inertia of energy with a β = u γ u β;γ being the acceleration of fluid. The negative sign indicates that heat flows from higher to lower temperature regions.
In eqs. (17) and (21), η, ζ, and κ are collectively called transport coefficients (or dissipation coefficients). is The bulk viscosity coefficient ζ defines the resistance of the medium to gradual uniform compression or expansion; and κ is non-negative and accounts for the thermal conductivity, respectively. [45] The shear (also called as 'common' or 'dynamic') viscosity coefficient η describes the fluid's resistance to gradual shear deformation is assumed to be equal to the electron shear viscosity η e in the stellar core, and we take it from [42] in this paper. Shternin and Yakovlev (2008) [46] concluded that the shear viscosity of neutrons and of protons (which is even smaller, see [47] ) can be neglected for the reason that it depends strongly on the nuclear interaction model and the many-body theory.
B. Equations of thermal evolution of neutron stars
The thermal balance equation for a pulsating neutron star will be derived, taking into account three dissipation mechanisms: the shear viscosity in the core, the non-equilibrium beta-processes in the core and heat conduction. The internal structure of neutron stars can be regarded as temperature-independent (e.g., Shapiro & Teukolsky 1983). After thermal relaxation, the redshifted temperatureT (t) ≡ T (r, t)e ν/2 becomes constant throughout the interior. The relativistic equations of thermal evolution include the flux and energy equations (Thorne 1977):
∂T ∂t
where the gravitational mass m(r) and the metric function ν(r) are determined by the equilibrium stellar model (26) . C v is the specific heat capacity, κ is the thermal conductivity, T is the local temperature. The first equation is the general relativistic definition of the local photon luminosity L r , due to the non-neutrino heat flux Q γ transported through a sphere of radius r. The second equation expresses how the photon luminosity varies with the neutrino emissivity Q ν .
IV. EQUILIBRIUM STELLAR MODEL
We consider a static spherically symmetric star, described by the Schwarzschild metric
where t and r are the time and radial coordinates, dΩ is a solid angle element in a spherical frame with the origin at the stellar centre and
are the the metric functions. The later function is often replaced by the expression
where the m is the gravitational mass contained within the radius r. As in [? ], the physical variables for energy density and for isotropic pressure p are replaced by the corresponding effective variables
that incorporate time-dependent dissipative contributions of the stress-energy tensor (17) . Henceforth we will only use these effective variables and for the sake of simplicity, we shall not put any bar over them. The structure of compact stars in hydrostatic equilibrium is then constrained by the Tolman-Oppenheimer-Volkoff equations [24] , written as dm dr = 4πr 2 dν dr = − 2 + p dp dr dp dr
where overdots denote partial differentiation with respect to t. When supplemented with an EOS, the set of eqs. (27) completely determines the structure of spherically symmetric stars of isotropic material in equilibrium. Figure 3 shows various mass-radius relations, each corresponds to a EOS displayed in Fig. 1 . These M (R) curves demonstrate that low-mass configurations, having low central densities, mainly below ρ 0 , depend dominantly on the low-density part of the EOS, whereas the maximal mass is hardly affected (see also [13] ). As mass piles up with increasing central density ρ c , the M-R relation probes the higher density part of the EOS, in the range ρ 0 ρ c 3ρ 0 . Lattimer and Prakash [3] showed that across many EOSs, the scaling of radius is approximately R ∝ p 1/4 at a central density ρ c 1.5ρ 0 , so that a radius measurement is probing the EOS, just above nuclear density (2) . The M (R) curves that have attained sufficient mass exhibit vertical segments with radii varying from 10 to 16 km. The vertical segments can be understood from the scaling of hadronic EOSs which is typically close to p ∝ ρ 2 for higher densities (as demonstrated by Γ 1 2 in Fig. 2 ). In this case, the radius is nearly independent of mass. Those hadronic EOSs with extreme softening (due to a kaon or pion condensate, high abundances of hyperons, or a low-density quarkhadron phase transition) do not have pronounced vertical segments. [49] For the maximal mass allowed by a non-interacting Fermi gas is less than 1M , the stiffening of EOS plays a crucial role in setting the maximal mass. The extra pressure from the repulsive force raises the maximal mass. A larger maximal mass means that the EOS at high density must be stiffer. A phase change to a different state of matter, e.g. a pion condensate, leads a softening of the EOS and a reduction in the maximal mass. The discovery of neutron stars with masses of M 2 M in recent years is an major constraint on equations of state. Figure 3 . Typical M-R relations for non-spinning neutronstar models corresponding to the realistic EOSs displayed on p-n plane in Fig. 1 . M-R curves for typical nucleonic EOSs (AP4, MPA1, MS1, SLy) are shown as light-coloured curves, blue curves refer to self-bound quark stars (ALF1, SQM1), and the green line to a strange star model (H4). The symbols mark the maximal mass models. Most EOS involving non-nucleonic matter, such as kaon condensates or hyperons, tend to predict an upper limit around 2.01M for the maximal mass of neutron stars. The purple and the green bands indicate the rapidly rotating neutron stars in millisecond pulsars, cataloged as PSR J1614-2230 [5] and J0348+0432 [6] , with the highest-known mass of 1.97 ± 0.04 M and 2.01 ± 0.04 M , respectively. The light red band shows the interval of total binary NS masses inferred from gravitational-wave signal GW170817. The dashed gray lines refer to stars whose central density ρc is double or triple that of nuclear saturation density ρ0, respectively. The upper left areas of different shades of grayscale refer to regions of the M -R plane excluded by general relativity (GR) constraint for R > 2GM/c 2 , by finite pressure for R > 2.25GM/c 2 , and by causality for R > 2.9GM/c 2 . The lower shaded area indicates the region bounded by the realistic mass-shedding limit R/10 km < C 2/3 (M/M ) 1/3 (fK /1 kHz) for the highestknown Keplerian frequency, fK 716 Hz, for the uniformly rotating neutron star PSR J1748-2446ad. The deviation of C from its Newtonian value of 1.838 depends, in GR, (as computed by [48] ) on the neutron star interior mass distribution. For a hadronic EOS, C = 1.08, whilst for a strange star with a crust, C 1.15.
V. RADIAL PULSATION
Eqs. (27) are perturben in such a way that does not violate spherical symmetry of the star. The metric functions are thus can be written as ν(r, t) = ν 0 (r)+δν(r, t); λ(r, t) = λ 0 (r)+δλ(r, t) (28) where a small parameter δ 1 denotes the ratio between the scale of variation of the metric functions (ν 0 , λ 0 ) corresponding to the unperturbed equilibrium stellar model and (δν, δλ) are metric perturbations due to the radial pulsations. To obtain the equations that govern the radial pulsations, let us consider a fluid element displaced radially outward from an initial position at r to r + δr. The fluid element expands (or, if displaced inward, contracts) with the radial velocity
as its pressure adjusting immediately -with speed-ofsound (6) across the fluid -to the pressure outside: δp = dp dr δr.
We assume that the motion of the fluid element, moving with a four-velocity defined by
is faster than the time for heat to flow out of the fluid element. The perturbation is thus adiabatic, and the change in the energy density of the fluid element due to perturbation, following from eqs. (5-6) is δ = d dp s δp = d dp s dp dr δr = + p Γp dp dr δr (32) where the adiabatic index Γ of the perturbation is assumed to be equal to the adiabatic index of the equilibrium configuration. We assume the radial displacement of the fluid element δr possess a simple harmonic time-dependence of the form δr(r, t) = X(r)e iωt (33) where X(r) is the radially-dependent amplitude and ω is a complex characteristic eigenfrequency. Being subject to the damping effect of the dissipative forces incorporated in (17), ω is described by two parameters;
which are known as damped frequency and relaxation time, respectively. Both are related to the resonant frequency ω 0 of the undamped system and the damping ratio 0 ≤ ζ d ≤ 1 which prescribes the rate at which the normal modes decay and critically determines the dynamical behaviour through the energy-dissipation rate (36) . Being bilinear in the adiabatic perturbations, the totalenergy density has a time dependence exp[−2 Im(ω)t]. [50] Subsequently, the time derivative of the total-energy density implies that
which together with the energy-dissipation rate
(see, e.g. [50] ) directly determines the characteristic damping time of perturbations as
Detweiler & Lindblom [14] has found that for most stellar models, the periods T d = 2π/ω d typically range from 0.2 to about 0.9 milliseconds, while τ is in the range of 0.1 -0.3 seconds, depending on the particular EOS and the central density. The softest EOS have the highest frequencies (for given redshift) and the shortest damping times.
With the time-dependence (33), we can rewrite... to obtain the pulsation equation describing the radial oscillations 
The boundary condition at the center is that δr(r = 0) = 0,
while at the surface, the Lagrangian variation of the pressure should vanish, i.e. ∆p = 0.
This leads to the condition Γpξ (r) = 0, where ξ = r 2 e −ν X.
Equation (38) together with the boundary conditions (40) and (42) form a self-adjoint boundary value problem for ω 2 . The boundary conditions for the Sturm-Liouville problem have the form p(r = R+ξ(R, t)) = 0, ξ(0, t) = 0, where p(r, t) is the pressure and R is the unperturbed stellar radius.
As an alternative, the master equation can be written in the variable ξ to yield Equation (26.6) of Misner, Thorne & Wheeler (1973) , which explicitely shows its self-adjoint nature: 
The coefficients f j prevent [Σ] from being symmeric and has the property that Σ in variables χ and η ≡ Pχ .
VII. CONCLUSION
We implemented a second-order accurate differencing scheme for the SLEVP for radial-oscillation modes and computed the four lowest-frequency constructed from various types of representative EOSs considered bÿ Ozel and Freire (2016) [2] . The algorithm yields zerofrequency modes at the maxima and minima of the mass curves, as emphasized by [24, 27] , while the equilibrium adiabatic index characterizes the stiffness of the EOS at a given density. Finally, we evaluate the rate at which viscosity and thermal conductivity drain energy from the radial oscillation mode. By using advanced theoretical data on thermal conductivity of dense matter, we have accurately computed the rate at which thermal conductivity drain energy from the radial oscillation mode through heat outflow. As a principal result, we have verified for a number of various types of representative EOSs listed in Table II that the softer EOS exhibit the higher values of eigenfrequencies and shorter damping times. The softer EOS, characterized by the equilibrium adiabatic index, have are associated with more centrally condensed NSs with higher densities. Consequently, these stellar models have shorter dynamical time-scales and therefore higher frequencies.
